R TR TS s e |8

—1 FUNDAMENTALS OF RIGID BOopY DINAMICS

¢ INTRODUCTICN TO RIGID BodY DHYNAMICS

A er \roJ‘} i a wntimwoul systom with MS&ALM time - invarond
omd  Space - invontuwt mans Asbbaton (1o abpe tou gt
C;Lafc)_'

£ e mnt P bar v vt Ve/'ocr'{'z, n  hvide wilh
the i of wmam, thom ome obaius rhe EueR EGUATION,

e b
ks '
Lek B be the T “'Qf‘“‘ff
vant.af ‘wﬁﬁ‘oh

vecksn of the ih@{u'fe(md
mase dm

0 Agudan mompudim

- Th g lan  wg wnitum  about 0, ougan af the runtead
: ' Hrome I
Ho = (R xR dm

P
As R = RLTE s Obtarus

fexledm s (xdm x R+ Rex (dms 2xidm =

|,B - P N ,ﬁ
=0 =0

difiw bion o mmass witin

{

ORI e T N



o T R TR TR0 D o100 - ”..,I“H.

T RexfeM ¥ (axidm = Het He
- 1 L’B 1
0] @

0, Huep is the  amgulan momuntum welaked to wotion o unle, of masr C
— wilth Lk o 0
O M is ty  amsdan memintium o tha body Wt C

¢ lnuta A’:)”L
- M . - Hda. . .
I‘m a fhgtol, bod’l . = -d_t:. s yve,u b:’]
a ’d& "ws X W xn
= = + —

leuua_ B move fdyﬂa with
the body; g{::uc_‘_}B elnu ﬁrwmi

Tkw.,pu, £l dﬂb(()“,zw\, o mbediim _H_c is

. 4, s the wmct dﬁd
:L[Qi“&%]d%o_ti} , WLM.L A-u.ok'[?ka.t' _'!)'E_-’-'-'-_(f_
LY 1 (*. 77T 77
Lethiug " L L=bbib bbb
”’7‘, A A X 2 2
n=[x y z] 1:[,!;1{,]-3 , LEXx ty+z
L%, z
’E;.‘ A noA -wﬂ N (
:} = [w‘ W, U,] ] :[Ll Ll L;J wl ::[L. LL{J_;] _E-)
b, | Y

0 (TR T N T T




3 ]
e obtacwy +he wertia oyap, ly lalid o wen bbb

X b,
5 ) 5 { (Xz+’z+zl) I,X,-{,‘][x y z]}c[m [E]

[
Juntin mabrx (3x3) IC(B)
TL"“(“"": the (matia qu;( s ayoacked with €t jaatila dj:{ )
omd Cam Le \Laa,wlwl an the M‘ut'ou &;f T_f &-L’"‘j (l"u(’&;‘h)
) .
gv«pmuiri‘ (5) m ]fg 41\?—“@!0 Che ﬁame Ly which b
Iniatea. matnix is fwﬁr/-/-bd . Tt is cany to check that

) 6) o
&B;X k- L5, L, EJ‘} = ICCB) , because [B;l‘[b' b, b—"] = Lixs

I3
1]
(|
5
o)
™~
ad

| 1

by b
: (8)
ond  the BOHJAAI wpovm of T s
[y+" —xy —xz |
15,3): S —yx x4z -Yyz dm
b —zx  -zy x+y
: ~rorq ~ o~ M e
Ltig L =[4 b L}][ul} = [£ 5, 5] H
o ",

= [l;: by I,] ﬁs)w(a) s H2 -_[C(B) _u_,("')

) (3;) (3x3) (3x1)




* E_‘\frut\x, O‘f e AN Nbu’i

1 SYMMGTRY  Trowm i defwbion i is appaeenl that of dizgous|
towr o %u( wm ym,‘r;, i.e. mirroed

2. TRIAWGUAR INCQUAUTIES. From  the difiuition LA 4‘4"'6‘""{5 @y
to prove the 3 ‘l'u'tw-awek t'wqr«tﬂ:t'u
@ T, < TurTy (D) T, Tl ()L <L+1,
tn [a.)' fm. msFana
et - [Erocey)in Le [E)n
B B

— Iflzf In" 1, = {1?(!&”(- Y

/3]
3. PSITIVE DEFINITENESS . '_[é‘) Mt\‘fyp‘u the Pouown'nj fne?u_aﬁ)g:

Vi{ﬂf ]ie) “_i-fb) 70 Y %—(B) (BX1>-Ooeumm vect o

v
s S H
The I‘““d*""j ﬁmducf can  be 42\#42'#9&0 a4

o1 H {® A -[L\l b, ’l;;}wm:
<z 'Qs -A
ﬂ’w. - Tix3 Lot > I3x3 ”
== e [0 -“]"M'“’f—S[" ¢-foes foe

= Sew.lz (1— Cj;)dm %0

'i:s)r (») w‘(ﬂz w_‘-(ﬂ"

1
o) c—>




SERRRLLLL L

t lante mabnix am &‘Ffumt f\ams

I T s MW m ([7“ ) .. 1{ I: ls‘khawn
one  may want T ?lt IC(A) m  amethu ﬁam& Auch that

El‘\ a‘—‘ e
T l= R |2 (= Lob, 5,1=1a, a, 4,| R
b | = gen | © ! =1 q’]u—A
Lb3 k3
wseaton At M':wj wWatiow wto L leads to
-~ a~ N l:l T a
=051 ’o,llm{g“: 2,4, a,| R (')R o
' BEA BEA | %
s ! (A) ’
owmd g ht.ugm'&o I,EA)J e Ic
V_ " ®Wr = R I®
]i T BEA L BcA A&B k BEA

Thulow , the two matmos ]2") amd Ica)au SIMILAR .

0 Em'mcupaf axes of imntiy

Becaune 1(3) i5 symmetric -

— thee oist 3 el ugmmﬂw; {1,;},;: 1,2,3

—> thune 26ist 3 gbhonormal USHV&C‘rn; ‘v“.") < ]t- ({:u 3)
Auch thab

B) "7

W = hw)
In nden ot the bww"uo &'Wllﬁh- be  Aelvalble w: th M(,‘B):#_o_

det (—-E(B)" A IJXJ) =0 (MSC"V&,M ’1“-"‘.'0'») —-

IR BN Y § UUERE ]

W aen

B LI | |



(IR | ! ) I

S - L ) B

1«: ame  Hhe 3w) ool \Z’F the latta t1u.at'an,_
Hﬂ-&o\m W.,!’) aL ijd m a wabrix

B
T=1| w W W sk that det T = 4

N

Becaune \_{?) e 3 athonomed vectns amd det 'T—’i

Tuu alco Lg w({jwu&ul e a wiation mfm‘x.

Thn, the mw muba watax s cowgfucted, um-'j

the auel oty of Aewillan.ty :
_ _ 2 . 2

) v ) I W, ( )

tE — IT' L(B T:: _T CB ‘i‘: \?j’ w}

% RN

I

— W —\[ | 1\ [» o o
= we AW AN A 1= o Ap ©
} —a— L l Lo 0 25
'&?“Vﬁv&ﬁl thoner 1 .
2qustim rthonamality of {&}*%2.3

Tl.w)(}u, , fn thes }aat{mﬂu chne af tie 2tation wia o x
T (w‘.th wpmectus an OOCLHhS) owe  obtadu G‘L\'ASannL
.\m.t‘.a W)( -_E(E) le(ms the aemd A*W'td)l;‘hj r&ktbu\

Q)
ﬂa‘ R ch R e racoguizes that wi fact

- E€B BeE
R =T
<€E

B

1T




' Ewu(ﬂ axis Theownt

L= ([ -or)dn

This allows identifme the 3 PRINCIPAL AXES of INERTIA

-E‘-\ ”l;.—\ ofowg  whick the inatic wmatrx I(E)
:Eﬁp gz_ (s dAla.ﬁOV\C\L.
;EJH LL\ i

Dug t /vdmmuhj o£ ];(B) p Huaoe [f“‘uﬂ\ral mtha axes “I.sf
?&‘ Ojl n.yd bgc}n'bf.

lf Lo is Known , one may

wanl to %&f ]_..1:» 'CL.F“M_A as

—

. pacale! axis #emu,
S (dqda.c Pﬁm

I, = M"(R:'i*pc&_)-r[(ft‘l-—‘l"-)c}m = I M p. 1- KR

S




P I S T e anaowT—

Ix )
= 1% M RiT- |y |[xX v 2
»..-ZC
Yﬂ-z: - XY X7

) , l)w)jcct\'w ‘?f He
Q_, b; ) ?lﬂd:
I{(’B) ( |-¢+l‘ has d Awo{e)

D.‘ojauf terun

T o

Pmﬂc{ axis theowem
( matrx fmm)

hemed  MIMENTS of Jwntic
ﬂff.d:ajud o I,J ()'4,,’) e named ProdCts of jaenfin

-



P T T G ap e | agraaapem T . TRRERNTTRR T RSN TN, TARENNONWTENNRERRRRNN. TN W, yhaaaa—m—

8bys :

M) sPAcecnrT with & PLWE OF SYMMETRY
(e, winged apaunaft) b
-~ - - - = - - - - 7[
dHA & (x‘”‘d‘,ZA) /:’ ,/ /{
G b Al —
&MBG—) (Kg,lj;lzs) e .: 'K
i U L—)
WLM XB: )(A —— ..-oe_. —_ e — ' ;
/ i /3 N
Ys=—Ya v _/l/ n b,
Zg:_ é - — — —
TLMI—@G\( the l'wﬂq'm‘f.m{wml
et wbutiows (1,2) awd (23) canced dlwy=dmg= dm

m pasn - Tn fack
) duy ) + ey [y 5) = dm ()=
(23\ d“ﬁ ‘éqzn)-l-clms 523) = dwm (‘ZA yh-;-zAgh)::-o

LJ«A«F«I. e ﬁn-u\ﬁ iwnts wataix ha, the fmw

®) 1. 0 I, omd. mmmagmu#ut

Ll)l 0 I}i - @L (.L fgmmc% r[o.nc,) IS G

1>~Jmc.">al werha axis.

(B) seacecRaFT with an AXS of SYAMETRY
(8-3. winﬁkss n»cke,{)

| § ?3 is Ha ,WJ,%

axis the ‘b’} View if

Tc - 0 I.u 0 -2 Ilz. iIs Q& b"""“‘f"’ lh-hth twomeh.t

”\u\i Mg&b Afﬁ 4 a&mm_j — : .
MMJ«MeA-am,e Z , e, /, 6;) ;;—}b,
A=%D g dmb

_ .CLW\_D




dmy < (x,,,gh)

dwp < (x,lyb) auch that  Xg=~X4 , Yg= Y, (23=&)

dmc ey (%,9)  Auck that  Xc=-Yy, %=+ (%-%)

A1y 3 (30, 8)  auck thit Ay= 9y s = n (3= %)

The  1nfenni tusmel covbin buti oy @lz),(z,,s),(ip) eancel in pain

P watamec @J) (—Xﬁzn)dMA+(—szp)AMB+ (- xczc)dmcf[—x,z,, -,
= [ Xat - XaZat KaTa +XaTa )t = 0

The two trimgy I, awd T, quf.ﬁafwf

) (5o (3o (£ Mo (5565
= dw (4545 + Y57+ BTG Xat z;)-:dm (%‘fﬂn’“ﬁf)
() (K )i+ (0 dmr (2 o, (545 o -

z _¢ 2 2 z _2 Z Z 2 rd 3
= dm (X“ZA t XqtG T YptZy + ‘-4A+ZA>= dm (42,+zx,,+25d) ‘

T‘w.-#u,ﬁu ﬁgxpuﬂ inten wdux o the  Porve
(1, 0 0| md o can nsoguize thit
Tcm= o I, 0| = L,I7L, T o peomdpalinschic womendi

|__ Jd 0 I} ) e (l;, , Ez ) 'g}) & Wfd matia axes
rm 13 is the /hafmmea axis  amd
( g) o two W\bl*% axes m’rkogona( to Jp amd

~

suck that (650 h) s mpts fanded .



o L et

(C)SPMG(MFT 5y mmefuc  w.rt o perad (srneangL svuuefgy) 1

(€.9. sphanicad ratellte) % $b3
Sphoical Agumetin  awplics that ’,' : >
€ e&mwiﬂma many (am be :*
chaotn, w tus  way ..

( .
i) = { )2 R0,

[ 4, =R Shn

i 17
=" %A ‘
%= =R SpyCan (
dm - [ﬁc,tbc): (?KAHF,—E—- JBA) —> 1Y.=- RS, S, 1
%= KChy :
Xp= —Xc |
dw, - (Avld’o): (Q‘A )~ CPA) — i,o: _y, 1
$="2¢c ‘

Tlu_ MMM('H-j {’/wo WAULYI /B\M dest an e R f»awu the 844'34'44

wh we whhogmual to B planed A,BGD e
Xe = RS?‘A X = ~Xe masses uot

dmg {‘55—‘: —Rcxy M {3":- % (I'“T“ﬂ - #bw\)
Zg= 0 ZF-‘-:. 0

UWM""W’MM%V«%M_ 1&.‘4‘,}?&;&1‘
= ol d&aﬂmltmm ,1“1 fdm R o) T, 00 r:ﬁdd_ubuLou
—”TL:O'[‘G t3r\.gLf.kM‘(_

")‘GM. OHC'MSM fnmw. 0 : °I| oxy ‘:'/L\HZ\-‘)

-

-

ML anb if&dur



AT SR 0 (0 i

o Eulu cquation of alltude dymavas ¢ s
T aw  the  fucdamcintal leﬁim o aktude

8 'uin1u..'q

nawucy.

Thiy welete the sowal actim (tngus) to the wwgulon velsct,

[t ¢ be e W‘R#W

Hs

But }‘_l_fs)z Ic(b)wm/ Chus the jrovisus wlatous lead to

-I(')’ (B)+ W I—, (B) , whew

—

| EvieR Eauﬁnakl of oltitude c(ﬂnam'cs

(e)
lf the 1/44'«&"95;{ axes ot clwew  thew T
omd T Ever e1u4t.'m wdue, te it well- Muown

sinthifid fom

= (1-T)ww; + L,
Ly, = (T,-I,)w,w3 + L, o
I)‘:h - (Il_ IZ) Ww, + Ly

I's dahgo

-I.I:J, u‘wu. ,._L O 0_‘
0T, o0

LOOI3J

Faom 'wl vious dwdarmen"?

g 4 oLf’a I'P'I 5

na |

L, |

LL‘B_J



w\w. u_u_(') 1S @ ém)vuhw ;ncw;nj l_’Le cavwrd’hhn‘h o{ w W‘B

The wsk done g B s ?'«m )"3 fwo h”ms/"‘-‘k?"“b“l from

W 2 = MR -Re= F-R
T = jj;‘"‘ﬂ_cﬂc ‘31 b o Re ___Ri | ;
4 ([ )= BT - sl
T =i 12" T “
IC(B) s wnrtod ond P‘d,mmfh.'c Eulec Y-
l-F bth  F and E aMCoMMVa{'uelmuK dbé‘m&}fdf%f'cl
?dmct'ﬂn,
5 #W'SW%'M‘WH\E—WMK{S
B
t,

TERE'R (R (TURRE T 100 HIm T T b Bvm AR 11 e v o



9 TorQue-FREE MOTION

(] th'53mmcru‘c badg with ke uh}qu tﬂf‘—b#

Am Axic:,mmp/fm'(_ boobj (wa‘Hn B; a) onawm\btﬂ aﬂ'S) l"-d/) ‘h\)d
T‘ = I2: IT # Is

T‘\-C fu,l.fa, qM‘t'mo bewme, (w;H‘ Lf—"- L2=L3=01 ho ‘t}.{%)

Ir‘;’. = (IT— I})““z‘*’) —r W, = —WpW,
; - ' e
Trw, Z‘-(T;-Tr)ud,w; — W, = WpUW, {d:huj wr::cdgo(ﬁ-)

T},"‘:J_'; =9 % Wa= bt = Wiy

Tﬁuktu_j t‘A.L {'A’M dm'va.l;-vt J'c (:Le UI"(U‘JJ’K& HM&M,

one obtaiwy
Y, + W w =0
W, + Wl wy = 0
The quutnall solucko of thuse bto Renmonic oquaiins is
a (k) = A, cos [wpt) t B, sim (10pt)
wy(t) = Aytos (w€) + Bysin (wpt)
These  cowstumts Ay, B, Ay, B, o be foumd
b o W, Wao , the Ambl volues of
i W oamd wy. The awopchive dodvakives W, (t,) amd w ()
(whie € is seb o) sl evalutrd by Wi
o) -wpult)  wd ()= 9 4)
Fiest, w, and v, e wanaled b §=0, yieMding



W:A1 M ) —AL

2,0 ~

ohile  bhe  Eme dowiatien of =0 and @, () o
by = = Ay s [t ) B, wp s fwp )

R (s4t) + BZUPWS(WFt)

Evaluatd & t=o¢,

‘:’1,0: Bwp = - wew,; S B,= —-w,

w2, 0

(1

wj(t) = W;'O
] Ltis wyp= g ewh eed {cos)"= =
Wwa
SIM\F: Wig

the /v/\wious MM LW@

w(by= W s (HtH7) e
W)= w2 Sim (wf’t+ f)

&-\)3 {t) = Wy, [




72

I,

sounbnclodewise  qmac £ ow= (—--1)%,70 €
cockew se St \:f. Wp= (%-1) Wy, <0 2, T&m}'cﬂﬂé
Foo  the  abotamkaresro wonkatim o  Com chome the  Eule
“""Xa’ (31 3) 9 wmonatd with {M}Om”‘j Kimpmati'cs
Wh‘m

. 1 Yo Wy s

P = ?;[u‘gﬁ +WLC¢] —_— Yy?gm(wrtﬂt—fﬁ»yﬁ)

é = w (g-w,Sg — 0= w,, CoS (urtf‘ﬁ- ;b)

& w.g -‘_\}zc . wl .

= wh— ‘f:«; : —3 P =Wy = —{_zfé- S /wpt+)"f¢)

e e the ot b adgtoms  Che JXVJAE @mwymf ) /Wy
AR

At e r{ the (vt Hwn o (“tl E:) s alitrnany

ot com bt By oawch bt B T | becaue He= cmstant

o Wl W

Mewgvtr  gme cam  albso  chotse & auck that w320 .
These two a/mwrt)ou/) W M \wl& H\e next 4 WS



13

~ l“j |
bJ\ E3 \$ ot\\amimq W Hf\ He
E} £ 7 ) I w
CB | Tt A
”\ g o e | TTE
— E}, I_AN}

B<|

_ﬂw,{l‘m ,M(u% X be the clomnh of 854 oz obba tng

%,

7, = SpSg = —;E' W = \j (1‘\,)')3 (Ilwz)l{f (13‘03)1

T, wy
= B Go = H.

Jaw
c

‘SVUL 'to H\e, Qﬁuatcv\g & \f/ 9 (P b ogtounf/

; Tw I w, 'ITw
- o l > O
q’ \-\(Sg Hth [4 $9

= constait  hecaust W= wgo(zo)




4
o oude ot 0 =0 ,fwwvv b= W wi(cq,tﬂ-‘f-r‘ié):O
o thee 0T\M‘L:94& ‘aadus wlttPe d = %-ﬁ ke (Icel)
But 9»\,0)/3 w,t+‘f+d>:£—{+i€rc (€€7C) i$ Ll((x‘ptﬂ,“{, Leuu(pc

i 1:“:2

ot = “2; St (wpt +PH$) >0 (eeausn = e 70)

T“W ¢ = %fiﬁf — Wft — f % ¢;: —w‘, :-w30[I—T:_J
The Wl sguabine s ounstnt with that Joumd on poge 13

.Lrl‘qzz L
Y

Hcs.gz 30 ]
I s

.6 He

§9 I} Wy =

Y ig_" r iy W Ladxg, 4TMM ,PMW
{ <0 I‘-F 137 IT Ouoﬂ‘i LJA? _.gﬂl,tﬁwe Yum



b = wy — G ‘}:(o (wkw G >0 because "w;o>10>

s wmeans M ¥ AncLaes ﬁa;ﬁm E‘Aam Jd\t mﬁ Wi (>o)

shlate L-oc(? ./kaujfe, \Oocha—
meva,, Fhe W vdmam masy, be wilem oo an

A A ~ o A ‘A - s ‘/: LA
W= W&+ W0 Wt = Y E+ ON+ ey T YE, v g

0=0

(A) OBLATE BoDY (IQIT) () vROKTE BODY (IT>I3)

. both caner é} sotatis sm cunltclocky, se  sewn aound &
Jcoy)(ka with W that swlates ar wdl
M Axiad s«a,mmd’lu& 15 a /N%*q’@.,d: T A sndu b have

IﬁIfIr, Fn im’famq,af%a ® V&AWW W”J‘VM «7."()1\ a_
Fqudae foo ha Top iditcal pumipal utia il



—

{A) 06LATE  BOPY ('I3>IT)

() PRotaTEBpy (I 713)

wWhile w and 2, notake t’aé'xﬂ\.b\,
2, is the axis of a wne hat
s AMtULn&Uh} W{c\ﬁ L the

v cascnleed b}f w  ound E}
The et is the SPACE CoNT

Wile w and g nolat, uym%

L3 is e axis of a Gome that is
ﬂK'tUlnx ”? f%ymt'(( to ft\c
The latte s the SPace ConE

® C{&MMJL Lbdza with wo axtowed ’CM.T&

The W Aol om o Y ¢ amdee the cmwwllf(m _
Wk E; \$ a)’ﬂg&w& w. H<: tim be  warltem w ﬂﬂm {Ud«ﬁ'c
;h‘yws. Thie aﬂmml\ s matted M,, M onien

It g rumanka He  the Fack that ¥ 20

W C‘V\N"} cat

Lo WAL §b am & G have 24 thin ,S«bm R i,
; T g L™
‘ A ; R 2L
\y;—.f[w‘s $ -].: - >So
e ’ LC% e Hc /6\7’/\ A
¢,
=& :EL—":" " L:i e (%-—I,) .
He 5o HSe  H.S

i
£
]
6‘\
B
&
f
R
|
[
&
&~
EN
Y
3 . &
<'t»'ﬂ.\‘
Ry b
1
™~




e
1%

8 .’Eﬂw&‘ b Mty

lg e owvrﬂax Jo@odfez Al W) LJ)’.W wilh o dorackpon @
Hackid to Uhe  boby fame , ome koo

<,
o = wlt) [« a aﬂ\é\z
é;

'w\\m a; aw b W*{ x q,QOM—s Ehe h/v“-vc{rcl
exr of ok &

lwptateonm a-f s /‘lﬂht\w\ wite Bhe fq}?A U[Mt'ms 434(}004’

T, wa = (T,-1)aa,w
Iz‘*’axz (IS- I1) q\ag,wz :>
T ay= (3 L)eaw

5oL 4y 2 LA e Tk Gl o
Il QI IL az I} Q,)
&, zﬁuivdwt%

wated (1,-1,) L1, =d'd (1,-1)11, = ala) (1-1,)0T,
Thine 2 pqualitin au sobified
C&—) w=0 35 M sotatiyn



18
(L) ¢ L=l=1, (fww& distr butin  with Wk%‘ca( JymmTﬂ})
Uon B Betws egualiber o satisfied Juémdﬁw
&{ C(“aZICl5
(C) 1; wto omd L IL#I} (wm dosEae bubion W:CL axiz|
M) ¢.C. ax\S%mm,Q,t)uC Lotb& with axs e/;)
bow =0 = U W o 4, ,a,
:9 )Laj(ajc\'m\ ax\s i1 ® -16\3, = 3 & the 5’3”‘"’“"3 AXIS
((/L) \§ wFd amd T <IL<13 )0 solutim of &»J% &
th ac o0 . In %c&
(&") U=0, ;40,030 @

%Omfﬁm@q%olnc

da) 4 =
) 4to, w=0, ayto indg, B aivsb

@3) 4,30, &0 , 43°0
£ 2 COW L‘»’H.az)ﬂ {a,,a,) f (az.&s) ane 0
fow o offaine am w‘ﬁ‘bm‘um Al - b thes e
Hhe Gw.zy\ﬁa,\ V,oﬂohﬁa 1S W&W wi th mo{ the Unimu}\ql
axey of it
e (w guronall qows Apin Gaik 4 pimcpel axis of it
& am W@«‘bm‘um Aslution .
M/&w?\/u, QVWM,Q—M%’&XR‘MKW 5/,:4(10;5# /bvdov\k/e/ w
Mﬁ the body axer ]ua?zw& lesr of %@-}



19

W ok oy wmw/ﬁ;\‘w m1,7,,5,

W, =0

i e
W, =0 fune %‘W\ about axis £

Wy = W,
o the Austne of @ il pbuntotion  ahoik this
ng‘Q‘B!u‘um sobulion

‘W= 6w,

w, = Sw

w3=w,o+€w3
Tt of U Ompinends sibs the Eulen equatonn leady £

o - ; T ’I
gwl:. I'L'IIE [%01“{\4)}) Swi_ = 2 2

1 \

., Feu, .
W, = '}'I: (wso {'6\01) éw‘ = —TL"

Wy, S,

Wiy §w,

S = X §u §uw, = 0

The fout bwo J?-iw{ang

forwm

- ¢ "IL’_ -

AT I E A B R
- 15 o B

?W')_ .}IJ 0 Swi gwl

ol ‘el‘vu,d/\ \M" {u)| /ng ,Iy\,cawfacf




§20
fn X;wu t\‘m-l\v\\/,m’amt dngww{\af pygA'WM ozf Hep 19+md%
%‘\’a\ﬁ&»“\'\a. &etw!g mo Ha aeal par of Clee &ymm&%.,

\§ R(N)ov <« 3 simple Atabdty

i

6 RW)w@ Vo D aymbic

. Wis  cane Hhe b’g(m\/aﬂul. L?Mtjm (s

Z % 5 Isl | 7:’ [f1- - A
7 @) T)‘”zzo A - :tww\F‘ 1,)1(13 1)
Il z

LT
Both M%@m\mﬂuln L @.-1:)(5L-I)< 0
= T, is  maximum N M\ nimuam
£ T, i U wntomediat, M mpmink (I‘d;dlm'flcg(f‘)
thew mu‘g&v«/m&u ails Bk Ay Mkf\/a read \ait
ol the  alubion (yh ¢ Sw,  bw, &{vwam.
b ganel | the atutin o the Lo dgdtom s

& = K el.t* K, ea“t S ke ad kg W n

the wmtial  (puditons.

W He wd |, qwu g dbok

B the maximd or winimal iwda axis s simply stable

(}) the ywlen wu.&;a‘(l ahtia akic 18 ws/fob‘ﬁ\@



1
B ri(820u0 WML o-f vfwr/&wwwm/ A/two:\ﬂat‘&f?f the /Y]}“\r’“ al)o.,d;
the /\M\miwmﬂ M s mal fw'h’a axed 15 mot /waw
by Rimsanceimg the ko, becow the binaen o mivn
3«&& {w%fwua, u%wm&w. b thes cant, whin tha L asniped
oo daed \11&&/) mmurw a’ymmﬁ«ug, e Lmaat amw&am"s of the
sulated wendimean 9»/5%% s Twemclusve .
Mg, AMZ“M wnclusws  com be  Avived bg, w«v»’m;h?
the  cousowation 9{ M‘g“ﬂ"" A um and. Wu(m/

0 Bungy and it vm A‘“‘*‘a“‘-—ﬁ
ln Hhe abanu a;f sl \’MW{O

"_‘g;wuﬁm md  also
w2tk =0 D T, = cowtait

T R A O T R T (“"“"‘“'i)

Tl {1“*&’9"\ \‘ohmj(,i(f»“z, (he  \ous, ‘r-?. oM the

aMB/‘vaM velog B Kok WUI the a/vur,u. Wi ltim

Wtuh rolatipn it is @ SPHERE of Mdus f
MewOV{’/\ —L-;ot—‘—o :9

7 42
=, T, + L
A

- u,,z IL* %Q: I3 = Tl—»ot (‘,M@



The TM adatim is wws B wi Towar of H.,Hz, H,/to w&
2 1 2 2 z 2
Q'[‘h:..tll-e-—u-‘--e—%l—— — )-EL-fHL'PH—’-:i

T - a? a! al
‘ 2 3 a‘:__:v'm I i 3

Tlis squation idomtifies the  PomsoT EWIFSOID ulatd to Tt
Tla l‘w)u’au} o alk frm\'LIe, w """““1“'“""’(’0 te infovection
0,2 e oy e&‘fw'ol with thy womenlum ff/tm,b

AHs

— e R

A —_—
0\

oy
Trajectory of % \\\\’ /

possible m(7)

Energy Ellipsoid

Am’..j L>I,>T; , te oyl d&“,md has

() guatBt axis alowg 1

(a' .) intome g be s dn,a 2

() dmallest axis along 3
awd bhe 3 Hpeual caser  Shown i wext jages  cap occur.
(8) mAximum  EnErcY p (B) TERMEDIATE ENERGY | (C)Muintum) Exghty



() maxmun enercy . a intwmsectiwn | ab ointe (@ ﬂ*tH)

1

Tm?f_‘g e pue pin obonl “if of wmin twrtia 3
(8] wreRneiaTe enerar: 2 clmed wndes, which intuct o
_ .
Ti-t—;I: 4 penls (0,1 H,0)

the L tndes ga Lhe Aparatmes
the 2 puuls wvespeund b fune spim

aboukt axis If Autrnuncdiale withi'a 2

@) MINMUM ENERCY © A inteegectivms, at f-ﬁ:ﬂ‘ls (iH. Y ")

2
- %1 i.2. J..m Ar.m ghout aXis -:qf Wt}ht'q, 1

The last ﬁu.guu s hewss T.qekuo(;r (f.E. the waves gu the
Aphane) arspinding o diffent g

ML wnues ane cloed | wcopt the 2 afanatncs | whid
divide the closed s abouk axis of min (untia
Pam Hu cosed anvts  abok axis of max imtia.

y i P F“'b that cloned wwes swvwennd ﬁtgm(}fw}; and
mun  intan s ak (wiication Qf noilal M&‘y J-F
funt. o about thie 2 axed | wllle what  scuvs qroymd
the ais of intnmedict, (wntla.
Howerte, w azal caces Tut<o (t% Mhﬁ‘m)ﬁ#kﬁ(jnwr
et ingufeck igidily or it daning (wlated to
devices m J-M-tr.uﬁwu of di feunt l'-‘-ft“"l-‘-) Ths means Huat
Tt ¥ Up > mdd..ﬂ the minimum velue. Thee (s Shown, w.

the loo b figne, whee The pamatuon are (oned oy T, Neduices
Thuo, the o tpim about 3 15 wmatable with disspatipm,




H,
Maximun
Energy
Ellipsoid
Energy

\
Momentum \







Fally, 00 Tut oppmacs Tn [ the nolobin touds € becane
W A,P,w. ahout  the mg{/wuaf. wntia axfs/ which is the
gy\% ke Mwﬁw whin dﬁ‘W}»GL'M 15 Coup'dennd.

SPiN 4K
P UT | No DistPATION Dissipa TioN
——1

Min INERTIA

Mt (Vodtnatty ) stable Unskakle
INTEM INERTr -

“"‘ a1 Unstakle Uit le:
MAX  INEATIA

a1 (Neaiu%,) < fable (Awt&uﬂ,) Aakle,

\. ! = 1

Miw comy the
T [N - p——
absul axs ?.
((.e. the maximal
Anintin M.s)




2§

Thes »Q)piainv ww aotoad  Sodie, ( 2k the EmﬁL) rwtaty
obouk  the warimed umba axis |

Thes syl oadro w(w& Ex\o\w/ul Atatid & tumble
afftec )WWJ Loovolad wie obib F]oinh;vva, abond e
axis  of Lok iwntea.

0 Nubotim (r‘e 0~z<|'913(mm£/{’x£o Lo da'zo

O T2 L=l owe oo wsly find Wt

~ ~ A 2
H-: Trw, eb Lo, & + Liwe, —> W= T (“’»z““’;)*’r\g“‘)}

= ke (Il’Ir)(w.z-(—w;)
M R = wwtud (w the absraw of A’DewJZ bﬂ%)w oMaiuy

LK) = 1L = Tfn 1) fueut)

If T=0 3 wiwl = owhed (%’MW@



7t
Mowwian | 1§ ‘&«‘o >
() T;- I, >0 (oblate LQM) L ¥ty —> o0
le. ‘DOM tds £ aume ar,w\/- 41“"" ot ation -
[B) T}-IT <o ()V"M L%%) (w,l+ w,_z) (e Toward
he waximad valie comyabille with = condl
lor He body Ha tinb B s « ek opam rotatiyu

b
O,% Pt dpin fo o prolit Ladyg

hox HWM/JMMW jne cam ‘@‘Mﬂ W’%f
the “‘ﬁmﬁ wwgwﬂ&\ Vdodu& WM/FW%‘BZ

= Tofwiewt) + W = Lub > w? [l biy)

2 2 1 9q

W= Tolasruc ) e Tug = I fufesf Jo wpnd (junlt by
TE is wadh gbmm_% ot  Huse {Zuo nllebious  Dold we
cvpuks. Atwabiwme  whe d[)m"‘,nt‘m C—’tmc <o) is  Counldoned
o idesd /gl\uc‘t‘)owa (wl\bu. _Th‘f:) E"\t /kALUCW/) {Emwﬂat.c
ﬁm Y MB,VJZ«J. sz»c‘"t% ’&ol&(& Y\aﬁm 10-16)



28
The \‘th(m'w.\(c {vuhh'aﬁ fwwl aJan M ). | ‘FGI(WS
E, okguid  with Yhe awlial ougules wamsitin H, (ta)
/&%//H_o

(EA, . /E\Z,TC;) Aunticd frame

(6,8 &) body axes
(higod with te g
0XeA o:f imt'a)

As mumambed, wternal
Wlﬂﬂ i‘W'Vah'ok oes wot
(Mujc li‘ 'ah(} reduces
the [Cmte tmergy

(#) 08LATC BoDY (13717)
Jith dmiebon W Wy h o ET 0
Hewee  He s & be aﬂ'guﬂ with & t—
i et wis Hat 60 (funs im aboit 8)
[) PRocaTE Booy (Is<1}>
with dipdaton W — Wy g, +w,p &,
Hewee  He fads % be wplanar  with (2,,?}} , 0,
dor wady,  He Tewds b Aave cowpimed =0 aﬂwé?;
This meaw, thit 8= F oo tow  (flat spinc)



VATTITupE MANEUVERS O0F <SPINNING GATELUITES

rma—

SF.‘“'MM satlhiten oboit the mxis of waximal (artia Yits

e stadlimtion . [n Some ot | wmanuvernr g weded,

MAN\»Q‘A, ?&t ‘tq)o MU WA -
() €PiN-vp o coin-down (bEse)  the  satllte

\\,) (HANGE ORIENTATION  of the Apaunafl

? ;P;M-uf and A1p4'm-ol;owm Ma Ny~

@ Rothy c,rwu,r ol 41”',7\0!014;% WML A ol be WWALX »wuw?
Vhv wstony | whick \dﬁu w Jc&uru, m@.’w with oxic &,

2 )
" 1 A 2
I
; _E=
>R/\ —< B> o
ENE ¢ y 2,

Thrudins g obfibude we  ignited w jaies | Gl w the ohwve fgune.
w e Wl | WO n{,\@w’( m the  motion o'-f the wnltn of  wany i3
’tmiuu,d. Cowvm&‘, the two Jnwe  BR %Q,U 3 ‘{mlrvw

whout the won witn ¢

L= RxR+hxF = aRFe, (F= 1E])



ln the  gueviouws %wax Lo has paribive 00 gl lm«,& 2
thus  the J\’wwrvuz her  the ’d‘@“ft of "‘WMN{/ Wy, I fact |
eow‘oluw% (% VSO Wys0 , pne obtavun

. wn M'MJG\’M Heat
=90
IZ uz Tt: Ia'; IT M (J‘:wtgo

\S: the dinectim o-ﬁ ¢ omd ‘i,: 'S ntvvwl, o obtacny @ desﬁn

—

(c{;w&w)««) MANLUV U
'_[3 u:)J = =4 RF

o bobth ases, e Lo voralim fo Wy is ey B fred

i F i amawed w wwtadt

w3 = U3°+2_R_J‘::3t wheu WZSOC“JS(O) (0:0)
(spomap vav") (M Wy 15 amdumed MW&V@)

RF
U3 e w30 - i-j:—'t

’ (olwpam mamvw)

' The Wv&m& oMttude 15 M L‘a An;h—j\a'ev'm—? e

’ %’Més limﬁ'w, ,ummg ol o—f the avcu:(a,l.(e ;zzW{;;ms
(ethen myputnsy  of oglen Cule W“‘°+M)m pincpal axis and
i) i

Thruoters ?«bu fo-nu 63 ,td'ect"w?, the WIW :O> e
in the S'H»M“{'L dineely om M(IW éech&




I ;
@) Fu A‘rim&w}fw mamuv o , yoyo yloms  tom be wwsed.

They  vouaist w (ok &m’f) two appendages et ae

dyloyed aud have  wasta ot o pluwel el

5pinvt:vnﬂ 0 A (Pinwfvva P A v ";

L m {=destane of
¢ m fom C
w39 m‘é Wy

Dt to CO%WWCLJCCW\ 0{ MaAAszA mmsikane ,Aﬁ{m A‘Tgogm
e awap.hn gmaom  As Wo,& | thur

Ho = L Wy,
M& Ho": H_;
H§ = (I; -+ 2.rm62> wn;

wheut II < I3 (Leﬁwoc IG' s ﬁ\b PN m«%xa{? Hté

3

axisvaw\wubu'c l;adJ& willost the two wams w, bt These
momth me  adatively /ymakt)

W the end,

_ 15w, ¢
T (1;+zm(")
P z‘F{icf wnnases ay L eeancs
It s winth ﬂlwxaanwa Uit  Two aquod wann  Located at"-‘{Ml
distanux fom C ot axd ,w onda that the wmlyy of
Mo ot T rawaius Locsted ot fs O‘V\'g\'na' poinl
(E.e- the umle of the ua&‘wd}n SaTv/Q@Hl()

Y Wy,


Free Hand

FreeText
appendages


0 lmp b ve st tude  wmanuvex

lw«Y\Mfm'n AL MU Dy W am Wxiwatwo{ f&a(,@'m‘te- fime

WAV PA, thet c[«aw&z aﬂ':que .

Wt F" w b G Apomup wmanuver Wﬂm»& with  hruflos
W= Wy + % + l3 = gRF (: ww:t)
%

mh  the  wwespending  fuln angle  f (ve- the spin amsle)

Liw Le #M,wé. lma A'n\Lleafl'bua ﬂ\c n%x\o(,c{-'/¢ ld'wtwmat\‘c! L?Wift&'n )
- .. ~ 1 g
$-“|’+‘P ?E:z > D= P tuwt+ 2-1—3—3{;

The manuver 1S WWWL b take the t}m{. 4t . M He

F”'"M‘Z time {»#: t, +At = At (1:=0> ) e hax

L
%wﬁ = Wy ¥ —f;' At

~— S~ i_lﬁ 8
9= @, w, At+2I3(At)

A’V\ \'»Mxrujm‘va, amavpu VUL CLam L° WL&L wn e inﬂ’(""? /n'ékaﬁm
E whad At =0 whole '—_%A’f rowmaans LAt Thes ?tht‘b}
| 3

Ls

Joct,  mease bz —~ w, = — At
W; the Ol/“-awlah veleuTy =Wy — Wy 3
L Ly b
s aﬁraumt Hat an Mt —>0 —T;—-aw amd 7 cam be
WL&Q o a Dirac cle/u'a,, fWVl a M&O’W WO{ View,
I the obeve W‘L‘m,m‘ the bmit ar &t— 0 ,
%W‘A; = Wi + AWB

'«}; = ?: + wyy Ot +70w; bt —F—— ¢



Free Hand

Free Hand

Free Hand

Free Hand

Free Hand

Free Hand


h te wmd, te ovmall Lfﬁwt o am fm,}.M[»\\/L W/ML (s
a—) s Tt ameoun LW o{ the ow?wﬁ,an wJaa‘ﬁJ/ Bw,

b) ma damge of e altitede  piuatebio

¢ Reoventation maneviar

S'pfnulm% ottty apumd. the waximad wnte Gxis bave il
ﬁmh\'f:mﬁ‘m,. T Cats | L wfslm fo d&anjt the IMt'al

% Wrakalim of & by omde €.

N

WO w (k) _ | !
This mangysn  Cam b2 [iafomed

[ ‘ M“‘ﬂ’ ﬁ"l o callud ”’VW"#W'Z":VG; (’}%,
QJE thot ane ‘eug& majm'ﬁde f«qms
i tonumtnated very chigl T wid h,Wa(/y!.

l R = L
‘lg ¢ (‘l) Finst /.'/m'r&«@)(s/c 'l‘w ot 1
‘i’[’@) to change He frone He &) b @(g‘)
T
(6, o\ _
li;:, [ta)" 0 anch that
-I3w304 &.t Mjle
. 11 dw, — 18 bt ween
h'l6)=| o He (t;) and B, (£f)
I;“’m




‘i [w mde W(‘ole the

Mruf/riu vhange 1 Bwy

the /wv'\!,w@»\‘ve Tm,mc s 2FR
LFRAL = I, Aw

w”f»‘ul L Ak (slmfc)

The valua of Hhe {Mu cwe a{ ch&ab} 'S
W Mw{‘ the ff«aawu o \‘OLOCT:

T, W, g
tm%—’- —_ 0W1: 23 fm;

1, 4w,
13 Wy

(ﬂ) A’F*UL Ww& the ’I"f A'mwfm've, t?"ﬁm L am difime the
nteal oyis E; ’MW w i th f&(i—f), whele Qs(tf)ze&(t;)

—
S—

1

Q}(l-:) Ay whatas E;, md & au
o(k{l»"v\l,i e et
t{ = 2,2_ (t»)

fth”L {, ; the /a"a{mm'm%
Qi,uu,tluv# Aents B wa@,

& m’hag«wfe Wcmw
(becawse it is oblate )

Dum'm% U kumw the midation Mgfc 7Y %m( &

b and rowaiwr wwttoat . Gomoely [ ¥ ad § vy



7

(a) ‘%’: S, >0 whew 93‘65 o Wiy = AW, (‘hahwme cwwfmtnﬁ

(1;) \%: w”(b %)(O £9L A oual't axigymmv’(”’h'c Draam&%{'

-—

These Wt\m Il 'fof, t';] PRTS FITY B wheoh the
/q\w(,\a{,{-- s gubject B fou,/wz: Fu altude vmt‘m,a/vw(
e, quadn obeut BN HE)Z K () o0 Shown wi end

frgnt

’M/ [£o+‘ L‘g} aﬂ/éﬂ H\t

the oowvw& an swéx)'ec{’ %
Wy (H = W wf (Wﬂ')—- wuﬁ'n[u‘,f)
) oy Do

Wy (Q: Wi
NS

wmd oW coam olzt{‘wt W = w,é\l.[-ulé\& lmuL&«lg Hont
\(‘_\_’i = Wy = w.:‘“"z,a = COVWt (‘F‘ﬂ an axiﬁ&mméﬁ‘c ) %\daﬁﬁ-{-'{)

~

3

ﬁ@re/\, M\C of the Ppucme lr”‘""’d !C[W+M wi th T‘f’/
2} 'Q\M the wovect W'Mta{:“w, oux?lau_zl L’\a g ?w'm 23{{53).

The  prosaim P/\A'OA Ty »)ua(s T o B 2% 5

¥ y i3 Wig

. C T
heofoe - = T

2



—

10
() The bousl npubrive togn , L | har B final sffck
Oi %Lgv\lvba/ Hﬁ wibh E} § Uk also w  with &((}-)
A &;’H\Q szﬁoc\%wm %/VWLI&,

2 0 (t) = w0y + Wy [6) ) wheee
"’NI g = “ [tf’) 2» Wy, {b{->?z, S

e Traunsversak WM vzloc‘.ﬁa/

The inpubsie Trgue L7 is apglocd o

hc amd 15 such that

liz)a-ﬁ = —I_r(Uu_ — I:Sw}o “7“1_26:

Ffwvn the ﬁ‘?"/‘i Of /fu\/\'m }082 & I

e Boawn ww.ﬁw\é’wo‘e J4. €,

L(‘)

(=

i w Lot Cases | «ide jots (mes{fvy)
et awed 1 »Jz\ﬁmm s mameuver .
So far , ot har  amwmaed  Hhil ¢idejuts
o avalable T peform Kis second

waneuven et ae wo b wawu'&} e

Ne= ITWIL - IJ o ™ +ﬂ" 52:_“

g
ﬁ_'-
T

€ 1 H’ Saue LS M&W f.h the ‘ﬁtM/b MANUVE,
O denection 1§ e woult 5 use the Sawme Side yi's

be  achwened



oot adf e following pnidds cam be idimbifiat

wle we _ Wa _ T Wy
W, = 2 — = —— =
hd He So e I+ &

w¢ e ”30[4“ E’l%) Z =~y (wr is the mamlul nate 0’1€ ‘fg__)

Henece | the Wade that & ond ¢ talKe ey L}f 2T e

o _ 2
= = ok L, = .,
Tq/ Wy @ W¢

(pract ooy toapemds to
b=r 0l = KTy (ki)

M A\%"L the fLM’t 4"m1\4A19)5ve +9"-1ML : wh/l'(,i. 5 apumed
te be aﬂ\’?(wuﬂ with 2,(t) , axic fg\;’ = ﬁc (t,,*)
Lonus the omyle % wi th %({‘o) omd. (—75~3:°:>

with a{tov,wx showm oge 7.

P

£ The chotee o2 £ omd G i atbitnany
However | 1S E,' is chosen an JW
e,lt,) with -2, ({—,) , et eamdy nUgse
. thet  the vdu(/xtr{ the Ealew
TR e b b are
e
G, =

0

2

1l

NE PIO\ O



