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Earth gravitational harmonics

Several gravitational models of increasing fidelity have been employed in the past to
describe the gravitational field of the Earth, e.g. WGS-84, EGM-96, and JGM-2, to name
a few. All of them are based upon using the expression of the gravitational potential
written in terms of harmonics, associated with Legendre polynomials.

In general, a celestial body with a specified geometry and mass distribution generates
a gravitational potential that is the integral of the contribution of each infinitesimal mass
dm that composes the body itself. With reference to the Earth,

U=G | dm

Earth r

where r is the distance between mass dm and the point at which the potential is evaluated,
and G is the universal gravitation constant. After several analytical steps, one obtains the

following expression for U
o I
:_E #rE IZZ:( ] J|Po (sing) u—f%é(%) 3P (sin¢)cos[m(/1g —Am)]

where u. (=398600.4 km®/sec’) and R (=6378.136 km) are the Earth gravitational
parameter and equatorial radius, B, is the Legendre polynomial of degree | and order m,
¢ is the latitude, 4, is the geographical longitude of the point at which the potential is
evaluated, and r is its distance from the mass center of the attracting body; J, is the
coefficient associated with harmonic I, whereas J,, and A, are coefficients associated

with harmonics of degree | and order m. All these coefficients depend on the actual

geometry and mass distribution of the Earth. The polynomials P, can be calculated

through the following relations:

Foo =1
m dl+m

P :%(l—xz)z T {(xz—l)l}, with x=sing

In the previous expression of U different contributions can be distinguished:




(a) zonal harmonics, depending only on latitude and associated with terms J,,

(b) sectoral harmonics, depending only on longitude and associated with terms J,
(i.e.terms J, when I =m), and

(c) tesseral harmonics, depending on both longitude and latitude, and associated with
terms J,, .

Zonal harmonics correspond to the terms of the geopotential that vanish at certain

values of latitude. For instance, the term J, vanishes at latitudes +35.3 deg and is

representative of the Earth oblateness. Sectoral harmonics vanish at certain values of

geographical longitude. As an example, harmonic J,, vanishes at the geographical

longitudes of 30.1, 120.1, 210.1, and 300.1 deg, and is related to the (modest)
eccentricity of the Earth equator. Tesseral harmonics vanish at given latitudes and

geographical longitudes in a way such that the equipotential lines divide the Earth in

tiles. As a general rule, harmonic J,, has (I-m) parallels and m meridians as

equipotential lines; some of them are illustrated in the next figure.
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Several harmonics of the gravitational field have been extensively studied and can be

proven to be responsible of secular or periodic effects on the orbit elements of spacecraft

orbiting the Earth. It is worth remarking that the first term of U, termed U, (= /r)

hence forward, corresponds to the potential generated by a body with spherical symmetry
(both in geometry and in mass distribution). Due to the Newton’s law, U yields the well

known law of gravitation

dt? r 3

r
where r identifies the position of a generic point with respect to the center of mass of the
attracting body. The previous equation governs Keplerian motion, which is an excellent
approximation of the actual motion of the planets around the Sun and represents an
adequate approximation for analyzing exoatmospheric orbital motion around the Earth, at
least for limited time intervals.

Accuracy of the Earth gravitational model depends on the accuracy of the coefficients

J,, - Recently, as a result of a consistent measurement campaign from orbiting satellites,

the EGM2008 gravitational model has been introduced. The first coefficients of the
EGM2008 model are reported in the following:

J,=1.083.10° J,=1807.10° J,,=1816-10"°

J,=-2532.10° J,,=2209-10° J,,=3.774.107 J,,=2.214.107

J,=-1.620-10° J, =6.786-10" J,=1.676-10" J,,=6.042.10° J, =7.644.107
Ay =1719 1, =—0.261

Ay =0122 A, =-0.300 Ay =0.366
Jy=-2418 4,=0542  1,=-0.067 A, =0.530

It is worth noting that the term J,, related to Earth oblateness, dominates among all

harmonics.
The expression of the Earth gravitational potential, expanded to a suitable order,
yields the gravitational force (per mass unit) to the desired accuracy,
g=VU
where the operator V can be expressed either in an inertial or in a rotating reference

frame.
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Third body gravitational perturbation

In a spacecraft orbits the Earth, then the gravitational action of third bodies, such as the
Moon and the Sun, can be regarded as a perturbation.

Exact derivation of the perturbing acceleration
If a spacecraft (denoted with subscript S) is subject to the simultaneous gravitational

attraction of two celestial bodies (associated with subscripts 1 and 2), then

dry S P o
dZ 'i’,s 15 635 25

where 4, (j=1,2) is the gravitational parameter of body j, r; is the spacecraft position
vector in an inertial frame, whereas ry =7 —r; is the spacecraft position relative to
attracting body j, and r, = l:}_\.[. Under the assumption that the spacecraft excerpts

negligible gravitational attraction on body 1, the latter obeys the following dynamics

equation:

an__p
1_ i s e s g
2o By ("21 FERh = B =h _|'5110
2

The relative position vector 7, describes the spacecraft orbital motion with respect to

body 1, which is assumed as the dominating celestial body. Combination of the previous

equations yields
drg i) _m, +[ﬁ " »&,.23}
2 3
dt dt s % s

In this equation, the term in square parentheses represents the disturbing acceleration a,,.

Because r,, =7, —1,, a,, assumes the following form:
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